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Abstract
In this paper, we study the Hawking temperature of the BTZ black hole based on the purely topological method
proposed by Robson, Villari, and Biancalana (RVB) [Phys. Rev. D 99, 044042 (2019)]. The Hawking temperature
of the charged rotating BTZ black hole can be accurately derived by this topological method. We also calculate the
Hawking temperature of the BTZ black hole in massive gravity. Because the metric function of the BTZ black hole
in massive gravity has a mass term, the corresponding Hawking temperature cannot be derived unless an integral
constant is added.
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1. Introduction
It is well known that the gravitational waves from merging binary black holes and inspiraling neutron star binaries
have been directly detected by the Laser Interferometer Gravitational-Wave Observatory (LIGO) scientific Collabora-
tion and Virgo Collaboration [1–5], which provides a powerful evidence for the existence of black holes. In classical
viewpoint, a black hole is always considered as an extreme object and nothing can escape from it. While Hawking
and Bekenstein found that a black hole can possess temperature T and entropy S [6–8], and a black hole system can
be treated as a thermodynamical system [9–12]. The strong gravitational system can be mapped to a thermodynamic
system, and the corresponding relationship was proposed by Jacobson [13].
The topological properties of a black hole can be characterized by the topological invariant Euler characteristic
χ [14–17]. Recently, Robson, Villari, and Biancalana [18] showed that the Hawking temperature of a black hole
is closely related to its topology, and they proposed a topological method related to the Euler characteristic χ for
obtaining the Hawking temperature. This method has been successfully applied to four-dimensional Schwarzschild-
de Sitter black holes [19], anti-de Sitter black Holes [20], and other Schwarzschild-like or charged black holes [21].
On the other hand, it is interesting to check whether the RVB method is applicable to lower-dimensional black
holes. One particular case of great interest is the three-dimensional Ban˜ados-Teitelboim-Zanelli (BTZ) black hole
[22], which is very useful to understand gravitational interactions in low-dimensional spacetime [23].
After a detailed calculation, we find that the Hawking temperature of the charged and spinning BTZ black hole in
general relativity is derived perfectly by using the RVB method. However, for the BTZ black hole in massive gravity,
the corresponding Hawking temperature can not be obtained unless an integral constant is added, which is mainly
resulted from the massive term. Moreover, starting from an effective two-dimensional black hole metric, we clearly
show that the Hawking temperature can be exactly reproduced by using the RVB method.
This paper is organized as follows. In Section 2, we give a brief review of the RVB method. In Section 3, we
use the RVB method to obtain the temperature of the charged and rotating BTZ black hole cases in general relativity.
For the BTZ black hole in massive gravity, its Hawking temperature is also reproduced in Section 4. Finally, a brief
summary and conclusion will be given in Sec. 5.
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2. RVB method
Very recently, Robson, Villari, and Biancalana proposed a powerful formula to investigate the Hawking tempera-
ture of a black hole. They showed that the Hawking temperature of a black hole can be topologically derived. This
method was also found to be effective for any coordinate system. A black hole is a very special system and has a topo-
logical invariant, the Euler characteristic χ [14–17]. There are many black hole systems described by various kinds of
complicated metrics. We usually need highly nontrivial coordinate transformations to study them. But now the thing
is different, the Hawking temperature of a black hole can be obtained by using the topological formula related to the
Euler characteristic χ.
In the RVB method, one uses the Euclidean geometry of the 2-dimensional spacetime to derive Hawking tempera-
ture without losing any information of the higher-dimensional space. The Hawking temperature of a two-dimensional
black hole can be derived by the RVB method [18, 19]
TH =
~c
4πχkB
Σ j≤χ
∫
rh j
√
|g|Rdr. (1)
Here the parameters ~, c, and kB are the Planck constant, speed of light, and Boltzmann’s constant, respectively.
And g is the metric determinant, rh j is the j-th killing horizon. In this paper, we set the parameters ~ = 1, c = 1,
and kB = 1. The function R is the Ricci scalar of the two-dimensional spacetime. The parameter χ stands for the
Euler characteristic of the Euclidean geometry and relates to the number of the Killing horizons. Σ j≤χ denotes the
summation over the Killing horizons.
The Euler characteristic χ of a black hole is a topological invariant related to the structure of the manifold. Here,
the spacetime of a black hole with an outer boundary can be identified as compact manifold. The Euler characteristic
χ in a closed n (even)-dimensional manifold Mn can be defined as [24]
χ =
2
area(S n)
∫
Mn
√
|g|dnxG, (2)
where area(S n) is the surface area of the unit n-sphere,G is a density and defined by using the Riemann tensor of the
manifold
G =
1
2n/2n!g
ǫi1···inǫ j1··· jnRi1i2 j1 j2Ri3 i4 j3 j4 · · · Rin−1 in jn−1 jn , (3)
where ǫi1 ···in is the Levi-Civita symbol. In a two-dimensional manifold the density satisfies G = R1212
g
=
R
2
. In Ref.
[18], the authors have shown that the definition of the Euler characteristic integral (2) is only computed at the Killing
horizon of the background spacetime. When the spacetime has more than one Killing horizon, each killing horizon
must be considered for the integral (2).
The Euler characteristic in a two-dimensional spacetime is
χ =
∫ √
|g|d2x R
4π
. (4)
By using the Wick rotation t = iτ and setting the new compact time to be the inverse temperature β, the Euler
characteristic χ becomes [18]
χ =
∫ β
0
dτ
∫
rH
√
|g|dr R
4π
. (5)
Then the Hawking temperature TH and the Euler characteristic χ will satisfy the following relation
1
4πTH
∫
rH
√
|g|Rdr = χ, (6)
which is the origin of Eq. (1).
2
3. Hawking temperature of the BTZ black hole in general relativity
Next, we will use the RVB method to investigate the Hawking temperature of the BTZ black hole in general
relativity. The metric of a standard charged rotating BTZ black hole is [22, 25–28]
ds2 = − f (r)dt2 + dr
2
f (r)
+ r2
(
dφ − J
2r2
dt
)2
, (7)
where f (r) is the lapse function and reads
f (r) = −m + r
2
l2
+
J2
4r2
− 2Q2 ln
(
r
l
)
. (8)
Here, the parameters m, J, l, and Q correspond to the mass, angular momentum, AdS radius, and charge of the black
hole.
The value of the lapse function f (r) is dependent on the charge, angular momentum, and mass. When the pa-
rameters l = 1 and Q = 1, there is no horizon for a sufficiently small mass m. This case actually describes a naked
BTZ singularity [29]. While when the mass is larger than a certain critical value, the charged BTZ black hole has two
horizons, the inner Cauchy horizon r− and the outer event horizon (killing horizon) r+, see Fig. 1.
Figure 1: Plot of the lapse function f (r) with different mass parameter m, where we set the parameters J = 1, Q = 1, and l = 1. The horizons locate
at the roots of f (r)=0.
Taking a special hypersurface, the BTZ black hole can be cast into a two-dimensional one with a reduced metric
[30] via the Wick rotation (τ = it):
ds2 = f (r)dτ2 +
dr2
f (r)
. (9)
The Ricci scalar of the reduced metric (9) reads
R = − d
2
dr2
f (r) = − 2
l2
− 3J
2
2r4
− 2Q
2
r2
. (10)
3.1. Charged BTZ black hole (J = 0, Q , 0)
For the charged BTZ black hole, the lapse function f (r) is given in (8) but with J = 0 and Q , 0. When the
parameters l, m, and Q with special fixed values, there are two horizons r− (cauchy horizon) and r+ (killing horizon).
When the parameters m and Q satisfy some conditions, for examples, m > 1 and Q , 0, or m = 1 and Q > 1, or
m < 1 but large Q, there are two horizons r− (cauchy horizon) and r+ (killing horizon). So the Euler characteristic of
the charged BTZ black hole satisfies χ = 1. Accordingly, the Hawking temperature of the black hole can be derived
by using Eq. (1):
TH =
r+
2l2π
− Q
2
2πr+
, (11)
which is consistent with the result given in Refs. [29, 31].
3
3.2. Rotating BTZ black hole (J , 0, Q = 0)
For the rotating BTZ black hole, the lapse function f (r) is
f (r) = −m + r
2
l2
+
J2
4r2
. (12)
When the angular momentum satisfy J2 < l2m2, the rotating BTZ black hole has two horizons
r± =
√
l2m ±
√
l4m2 − J2l2
√
2
, (13)
where the outer event horizon r+ is a killing horizon. Thus the Euler characteristic of the rotating BTZ black hole is
χ = 1. Substituting the lapse function into Eq. (1), the Hawking temperature reads
TH =
4r4
+
− J2l2
8πl2r3+
, (14)
which is exactly consistent with the result obtained in Ref. [32].
3.3. Charged rotating BTZ black hole (J , 0, Q , 0)
The charged rotating BTZ black hole also can also have two horizons, the outer event horizon r+ and the Cauchy
horzion r−. The corresponding Euler characteristic of the charged rotating BTZ black hole is still χ = 1. By using the
RVB method, the temperature can be calculated as
TH =
1
4π
(
2r+
l2
− J
2
2r3+
− 2Q
2
r+
)
, (15)
which is consistent with the result of Ref. [33].
4. Hawking temperature of the BTZ black hole in massive gravity
Next, we will use the RVB method to investigate the Hawking temperature of the BTZ black hole in massive
gravity. Firstly, we would like to give a brief review of the BTZ black hole in massive gravity. The three-dimensional
massive gravity with a negative cosmological constant and a U(1) gauge field can be described by the following action
[34, 35]
S = − 1
16π
∫
d3x
√−g
[
R − 2Λ + L(F) + M˜2
4∑
i=1
ciUi(g, f )
]
, (16)
where L(F) is the Lagrangian for the vector gauge field, M˜ is a mass parameter, the parameters ci are the constants
for the massive gravity, Λ = − 1
l2
, and Ui are the eigenvalues of the d × d matrix Kµν =
√
gµα fαν, which are defined as
follows
U1 = [K],
U2 = [K]
2 − [K2],
U3 = [K]
3 − 3[K][K2] + 2[K3],
U4 = [K]
4 − 6[K2][K]2 + 8[K3][K] + 3[K2]2 − 6[K4]. (17)
The static solution of the BTZ black hole in massive gravity can also be described by the form of metric (7), while
with a different lapse function [35]
f (r) = −m + r
2
l2
− 2Q2 ln
(
r
l
)
+ M˜2cc1 r. (18)
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The corresponding Ricci scalar for the massive BTZ black hole is
R = − d
2
dr2
f (r) = − 2
l2
− 2Q
2
r2
. (19)
Obviously, this Ricci scalar is equal to the case of the charged BTZ black hole in general relativity, which is mainly
because that the mass term in (18) has no contribution to the Ricci scalar R. Then by using Eq. (1), the Hawking
temperature of the BTZ black hole in massive gravity can be calculated as
TH =
r+
2l2π
− Q
2
2πr+
, (20)
which is the same as the case of the charged BTZ black hole given in Section 3.1. However, the Hawking temperature
of the BTZ black hole in massive gravity is [36]
TH =
r+
2l2π
− Q
2
2πr+
− M˜
2cc1
4π
. (21)
Comparing (20) and (21), one will find that the temperature obtained from the RVB method is quite different from the
Hawking temperature for a massive BTZ black hole. Therefore, it seems that the RVB method fails for the massive
BTZ black hole. However, we should note that there exists an integral constant when one performs the integral (1).
Keeping this in mind, we can add an integral constant c = − M˜2cc1
4π
into Eq. (20), then we will get the correct Hawking
temperature (21) for the massive BTZ black hole. In summary, the Hawking temperature can be exactly reproduced
following the RVB method by including the integral constant.
On the other hand, in order to avoid the integral constant problem, we can perform the following simple calcula-
tion. Plugging Eq. (19) into Eq. (1), we can get
TH =
1
4πχ
∫
r+
d2
dr2
f (r)dr
=
1
4πχ
∫
r+
d f ′(r)
=
f ′(r+)
4πχ
, (22)
for a two-dimensional hypersurface given in the τ-r plane. By taking χ = 1, we will the result of the temperature that
follows the standard ‘Euclidean trick’. Therefore, the RVB method can exactly reproduce the Hawking temperature
for the black hole of the reduced metric (9). So it is an universal result for the RVB method.
5. Summary and Conclusions
In this paper, firstly we gave a brief introduction and review of the RVB method. The Hawking temperature of
the charged and rotating BTZ black hole in general relativity can be exactly obtained by using the RVB method with
the topological formula (1). Here, we need to note that the Euler characteristic is defined in the even-dimensional
manifold, and the three-dimensional BTZ black hole corresponds to the odd-dimensional manifold. This implies
that even in the three-dimensional spacetime, we can still obtain the temperature of the black hole with a reduced
two-dimensional hypersurface via the RVB method.
We also investigated the Hawking temperature of the BTZ black hole in massive gravity. We found that if we
directly use the Ricci scalar (19) to calculate the Hawking temperature, the corresponding result will lose the informa-
tion given by the mass term M˜2cc1 r. It seems that the RVB method could not give the proper temperature. However,
if we include the integral constant term, the exact Hawking temperature will be obtained. Moreover, directly plugging
the Ricci scalar (19) into the integral (1), the Hawking temperature can be exactly obtained, which implies that the
RVB method is an universal approach to obtain the Hawking temperature for a black hole.
5
Acknowledgments
This work was supported in part by the National Natural Science Foundation of China (Grants No. 11875151, No.
11675064, and No. 11522541), the Fundamental Research Funds for the Central Universities (Grants No. lzujbky-
2018-k11 and No. lzujbky-2017-it68). Y.P. Zhang was supported by the scholarship granted by the Chinese Scholar-
ship Council (CSC).
References
[1] B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo Collaboration), GW151226: Observation of Gravitational Waves from a 22-
Solar-Mass Binary Black Hole Coalescence, Phys. Rev. Lett. 116, 061102 (2016).
[2] B. P. Abbott et al. (LIGO Scientific Collaboration and Virgo Collaboration), GW151226: Observation of Gravitational Waves from a 22-
Solar-Mass Binary Black Hole Coalescence, Phys. Rev. Lett. 116, 241103 (2016).
[3] B. P. Abbott et al.(LIGO Scientific Collaboration and Virgo Collaboration), GW170104: Observation of a 50-Solar-Mass Binary Black Hole
Coalescence at Redshift 0.2, Phys. Rev. Lett. 118, 221101 (2017).
[4] B. P. Abbott et al.(LIGO Scientific Collaboration and Virgo Collaboration), GW170814: A Three-Detector Observation of Gravitational
Waves from a Binary Black Hole Coalescence, Phys. Rev. Lett. 119, 141101 (2017).
[5] B. P. Abbott et al.(LIGO Scientific Collaboration and Virgo Collaboration), GW170817: Observation of Gravitational Waves from a Binary
Neutron Star Inspiral, Phys. Rev. Lett. 119, 161101 (2017).
[6] J. D. Bekenstein, Black holes and the second law, Lett. Nuovo Cim. 4, 737 (1972).
[7] J. D. Bekenstein, Black holes and entropy, Phys. Rev. D 7, 2333 (1973).
[8] S. W. Hawking, Particle creation by black holes, Commun. Math. Phys. 43, 199 (1975).
[9] G. W. Gibbons and S. W. Hawking, Cosmological Event Horizons, Thermodynamics, and Particle Creation, Phys. Rev. D 15, 2738 (1977).
[10] W. G. Unruh, Notes on black hole evaporation, Phys. Rev. D 14, 870 (1976).
[11] T. Damour and R. Ruffini, Black Hole Evaporation in the Klein-Sauter-Heisenberg-Euler Formalism, Phys. Rev. D 14, 332 (1976).
[12] G. W. Gibbons and S. W. Hawking, Action Integrals and Partition Functions in Quantum Gravity, Phys. Rev. D 15, 2752 (1977).
[13] T. Jacobson, Thermodynamics of space-time: The Einstein equation of state, Phys. Rev. Lett. 75, 1260 (1995).
[14] G. W. Gibbons and R. E. Kallosh, Topology, entropy and Witten index of dilaton black holes, Phys. Rev. D 51, 2839 (1995).
[15] G. W. Gibbons and S. W. Hawking, Classification of Gravitational Instanton Symmetries, Commun. Math. Phys. 66, 291 (1979).
[16] T. Eguchi, P. B. Gilkey, and A. J. Hanson, Gravitation, Gauge Theories and Differential Geometry, Phys. Rep. 66, 213 (1980).
[17] S. Liberati and G. Pollifrone, Entropy and topology for gravitational instantons, Phys. Rev. D 56, 6458 (1997).
[18] C. W. Robson, L. D. M. Villari, and F. Biancalana, On the Topological Nature of the Hawking Temperature of Black Holes, Phys. Rev. D 99,
044042 (2019), arXiv:1810.09322 [gr-qc].
[19] C. W. Robson, L. D. M. Villari, and F. Biancalana, Global Hawking Temperature of Schwarzschild-de Sitter Spacetime: a Topological
Approach, arXiv:1902.02547 [gr-qc].
[20] C. W. Robson, L. D. M. Villari, and F. Biancalana, The Hawking Temperature of Anti-de Sitter Black Holes: Topology and Phase Transitions,
arXiv:1903.04627[gr-qc].
[21] A. O¨vgu¨n and I˙. Sakall, Deriving Hawking Radiation via Gauss-Bonnet Theorem: An Alternative Way, Annals Phys. 413 (2020) 168071,
arXiv:1902.04465[hep-th].
[22] M. Ban˜ados, C. Teitelboim and J. Zanelli, The Black hole in three-dimensional space-time, Phys. Rev. Lett. 69, 1849 (1992).
[23] E. Witten, Three-Dimensional Gravity Revisited, arXiv:0706.3359 [hep-th].
[24] F. Morgan, Riemannian Geometry: A Beginner Guide (Jones and Bartlett, Boston, 1993).
[25] M. Ban˜ados, M. Henneaux, C. Teitelboim, and J. Zanelli, Geometry of the (2+1) black hole , Phys. Rev. D 48, 1506 (1993).
[26] G. Clement, Classical solutions in three-dimensional Einstein-Maxwell cosmological gravity , Classical Quantum Gravity 10, L49 (1993)
[27] G. Clement, Spinning charged BTZ black holes and selfdual particle - like solutions, Phys. Lett. B 367, 70 (1996).
[28] C. Martinez, C. Teitelboim, and J. Zanelli, Charged rotating black hole in three space-time dimensions, Phys. Rev. D 61, 104013 (2000).
[29] S. H. Hendi, S. Panahiyan, and R. Mamasani, Thermodynamic stability of charged BTZ black holes: Ensemble dependency problem and its
solution, Gen. Rel. Grav. 47, 91 (2015).
[30] A. Achucarro and M. E. Ortiz, Relating black holes in two-dimensions and three-dimensions, Phys. Rev. D 48, 3600 (1993).
[31] Z.-Y. Tang, C.-Y. Zhang, M. K. Zangeneh, B. Wang, and J. Saavedra, Thermodynamical and dynamical properties of Charged BTZ Black
Holes, Eur. Phys. J. C 77, 390 (2017).
[32] M. R. Setare, Gauge and gravitational anomalies and Hawking radiation of rotating BTZ black holes, Eur. Phys. J. C 49, 865 (2007).
[33] M. Akbar, H. Quevedo, K. Saifullah, A. Sanchez, and S. Taj, Thermodynamic Geometry Of Charged Rotating BTZ Black Holes, Phys. Rev.
D 83, 084031 (2011).
[34] K. Hinterbichler, Theoretical aspects of massive gravity, Rev. Mod. Phys. 84, 671 (2012).
[35] S. H. Hendi, B. E. Panah, S. Panahiyan, Massive charged BTZ black holes in asymptotically (a)dS spacetimes, JHEP 1605, 029 (2016).
[36] S. Chougule, S. Dey, B. Pourhassan, and M. Faizal, BTZ black holes in massive gravity, Eur. Phys. J. C 78, 685 (2018).
6
